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Solution by HENRY HEATON, M. So., Atlantic, Iowa. 
(]). Let a;=length of one of the straight lines. Then the required aver- 

xdx-r- J dx=la. 

(2). Let 0=angle between the chord and diameter. Then the length of 
the chord is 2rtcos#, and the average length of all chords is 

2a I cosMtt-i-i dtt=4«/7i. 

•^ " 

(3). Let #=the angle between the sliding line and one of the fixed ones. 
The area of the triangle is (ia 2 )sin0cos#. The average area of all such triangles 
depends upon circumstances. If the areas be taken at equal angular intervals, 

(ia i )smffcosdd^-i- I dtt=a' i /'In. 
o J o 

If the areas be taken at equal intervals as measured on one of the fixed 

lines along which the end of the sliding line moves, the average area is 

A z = f '(Ja*)8in6co80d(«8in0)-*- f * d(asin#) = Ja 8 f * sin6»cos#d#=*a 2 . 

J J ' " 

This is but a repetiton of Problem 26, about which there has been so much 
controversy. In the absence of a distinct statement as to the intervals at which 
the areas shall be taken I see no reason for preferring either of the above solu- 
tions to the other. 

The editor quotes me as saying that there is no correct solution of 
the problem. I must have failed in expressing myself clearly, for my position 
is that in such problems no solution can be considered a full one that does not 
discuss all possible cases. 

61. Proposed by G. B. II. ZEKE, A. M„ Ph. D., Texarkana, Arkansas. 

Three points are taken at random in a sphere and a plane passed through them. 
Find the average volume of the segment cut off from the sphere. 

Solution by the PROPOSER. 

Let A, B, C be the three random points, EF the diameter of the section of 
the sphere made by a plane through A, B, C ; M the center of this section ; Othe 
center of the sphere ; 00 a line such that AB is parallel to the plane MOG. 

LetOE=r,MA=*x,AB=y,AC=z, /_EOM=V, 
lBAM=<p, lGAM=ip, lMOG=X, the angle the] 
plane MOG makes with some fixed plane through OG | 
=p. 

The element of the sphere at A is rsinOdo.2-xdx; \ 
at B, y 2 dyd<pd\; at C, s'm((p+t/j)sin\z 2 dzdt/dp. 

The limits of 6 are and \n ; of x, and rsinO, 
and tripled ; of <p, — Jzr and +\n ; of ip, —<p and \n, I 
and doubled ; of A, and n ; of p, and 2n ; of y, 0| 
and 2xcos9> ; of 2, and 2zco8'/\ 
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Let rsin#— x', 2xcos<p=y', 2xcosip=z', F=volume of segment. 
OM—rcosO. , 4 . The height of the segment is r(l— co8fl)=2rsin 2 i0. 
.-. V=i7rrHin i iff(3-2sm i %0). 

Since the whole number of ways the three points can be taken is (Jar 8 )*, 
the required average is, 

64;r 3 r» J „ J J _ Jff J _„J o •/ o ^ o ^ o 

Xsm(<p-{-f)d(pdtf8inhd\dpy 2 dyz*dz. 

J = T^-J Jo J-J Jo Jo Jo ™»«n(*+flco..,W»* 

X dft% i dxd(pdipd\dpy i dy 

— 2 8 j I I I I I Fsinfein(9> + ^)cos 3 9.cos 3 (/-sinXa;' , riMx 

x d<pd</.d\dp 
144 f 4 * 



/I" (*:<•' fi" fix 
I I I Fsin#sin(<p + ^')cos 3 <pcos 3 ^:e 1 £W<'fad<pd'/' 
<J '' — Jir*-' — * 

I I FsinW[3(j7r+^)sin9»H-2cos^>+sin*^cos9>]xcos 3 9'a;' , t^'dxd9» 

J ■' -Jit 
*^ 



7rr B ^ ^ o -> -\ 

lbTr 8 



= i^!_ sin<JW(3-2sin l 40)8in»0d0== 
62 J o 



|r 3 . 



This is the average volume of the lesser segment. 
|r :i O— l)=average volume of greater. 



